Charlier's theory (1910) provides a geometric interpretation of the occurrence of multiple solutions in Laplace's method of preliminary orbit determination, assuming geocentric observations. We introduce a generalization of this theory allowing to take into account topocentric observations, that is observations made from the surface of the rotating Earth. The generalized theory works for both Laplace's and Gauss' methods. We also provide a geometric definition of a curve that generalizes Charlier's limiting curve, separating regions with a different number of solutions. The results are generically different from Charlier's: they may change according to the value of a parameter that depends on the observations.
Introduction
The orbit of a celestial body whose motion is dominated by the Sun can be computed from its astrometric observations by differential corrections of an initial orbit; this is an iterative method to obtain the minimum value of a target function (Bate et al. 1971) . Preliminary orbit determination gives the initial orbit to start the iterations.
Laplace (1780) and Gauss (1963) developed two different methods to search for a preliminary orbit from three observations of a celestial body in the sky, 1 that represent the minimum amount of data necessary to completely determine a six parameter orbit.
In Laplace's method the observations are regarded as if they were made from the center of the Earth; the two-body dynamics then leads to Eq. 32, relating the geocentric distance of the body to its heliocentric distance at a fixed time (see Appendix A.1 and Eqs. 32-34 therein). This equation, together with the simple geometric relation (33) allows to write a polynomial equation of degree eight (34) for the heliocentric distance of the celestial body. Actually more than one solution of (34) may exist, and this can result in multiple solutions of the orbit determination problem.
In 1910 , Charlier (1910 , 1911 ) gave a geometric interpretation of the occurrence of multiple solutions for a preliminary orbit with Laplace's method. He realized that (neglecting the errors in the measurements and in the model) this depends only on the position of the celestial body in a reference plane defined by the Sun, the Earth and the body at a given time, and he was able to divide this plane into four connected components by two algebraic curves, separating regions with a unique solution from regions with two solutions.
Taking into account topocentric observations, i.e., observations made from a point on the surface of the rotating Earth, is quite natural in Gauss' method (see Appendix A.2), and also Laplace's method can be modified to consider this effect (see Milani et al. 2008) . In both cases from the two-body dynamics, we obtain an equation like (2) (see for example (47)), that has the same algebraic structure as (32) but depends on the additional parameter γ , and reduces to Eq. 32 for γ = 1. Thus for a generic value of γ Charlier's theory cannot be applied. This work is devoted to a generalization of Charlier's theory to give a geometric interpretation of multiple solutions also in the more realistic case of topocentric observations.
The intersection problem
Assume that we have three observations of a celestial body whose motion is dominated by the gravitational attraction of the Sun. Each observation consists of two angular positions (α i , δ i ) at different subsequent times t i , i = 1, 2, 3; for example α i can be the right ascension and δ i the declination of the body at time t i .
Let q i be the heliocentric position vectors of the observer and let r i , ρ i be, respectively, the heliocentric and topocentric position vectors of the observed body at time t i . Moreover, let r i = r i , ρ i = ρ i , q i = q i , and define i ∈ [0, π] as the co-elongations of the observed body, so that
We consider an average time of observationt: in Gauss' methodt = t 2 , while usually in Laplace's methodt = (t 1 + t 2 + t 3 )/3. We write r, ρ, q, for the values of the quantities corresponding to r i , ρ i , q i , i at timet. Note that q and q i , i = 1, 2, 3, can be obtained from planetary ephemerides, can be computed by interpolating the values of i (computed in turn from α i , δ i , q i ), while r, ρ are unknown because r i , ρ i are also.
Actually the results presented in this paper do not depend on the value of q. A different value of q corresponds to different units of length, therefore we could set q = 1 without loss of generality. Nevertheless, we prefer to leave q in all the formulae, since different units may be used in the applications of the theory to specific problems. The geometry of the three bodies immediately gives the relation
Using the two-body dynamics we can deduce the following relation:
where γ, C ∈ R are given constants (see Appendix A.2 for the computation of γ, C in Gauss' method).
Equations (1) and (2) define surfaces of revolution around the axis Rq passing through the center of the Sun and the observer. If the center of the Sun, the observer and the observed
